Collective charge-density modes (plasmons) of the clean two-dimensional unpolarized electron gas are stable, for momentum conservation prevents them from decaying into single-particle excitations. Collective spin-density modes (spin plasmons) possess no similar protection and rapidly decay by production of electron-hole pairs. Nevertheless, if the electron gas has a sufficiently high degree of spin polarization (P > 1/7, where P is the ratio of the equilibrium spin density and the total electron density, for a parabolic single-particle spectrum) we find that a long-lived spin-plasmon-a collective mode in which the densities of up and down spins oscillate with opposite phases-can exist within a "pseudo gap" of the single-particle excitation spectrum. The ensuing collectivization of the spin excitation spectrum is quite remarkable and should be directly visible in Raman scattering experiments. The predicted mode could dramatically improve the efficiency of coupling between spin-wave-generating devices, such as spin-torque oscillators.
I. INTRODUCTION
The strong electromagnetic fields localized near metallic nanoparticles, the deceleration of a charged particle in a metal, and the dramatic reduction in effective wavelength of electromagnetic waves near a metal surface are all associated with charge plasmons, the stable charge-density collective modes of an electronic system [1] [2] [3] [4] . Stable collective spin modes of ferromagnetic systems (magnons) have also been extensively explored due to their role in reducing the Curie temperature of the ferromagnet, their effect on ferromagnetic resonance linewidths and quality factors in microwave devices 5 , and their potential role in efficient low-energy information transfer [6] [7] [8] [9] . The stability of both of these types of modes occurs because the momentum and energy of a mode does not overlap with the single-particle excitations of the system, so the linewidth of the mode is substantially less than the mode energy. By comparison the collective spin modes in nonmagnetic systems (spin plasmons) have drawn much less attention, due to the expectation that those modes will rapidly decay into single-particle states. However, the situation readily changes when the electron gas is spin-polarized-a state of affairs that can be achieved by various means, including spin injection, optical excitation, current-induced spin polarization, or by applying a magnetic field. Then, in addition to the well-known magnons 10 , which are simply oscillations in the direction of the spin polarization, a long-lived spin plasmon mode emerges. In this mode, the densities of up and down spins oscillate with opposite phases [see Fig. 1 ], causing the spin polarization to change in magnitude but not in direction.
The physics of spin plasmons in the spin-polarized twodimensional electron gas (SP2DEG) is easily understood from the dielectric function, shown in Figs. 2a) and b). The red line in Fig. 2a ), corresponding to m[ (q, ω)], is the non-interacting single-particle excitation spectrum , is given by Eq. (27) . The dashed and the colored circles (blue for ↑-spin and red for ↓-spin) represent the equilibrium and displaced densities of the two spin fluids, respectively in both the panels.
scaled by the strength of the Coulomb interaction; the two peaks correspond to excitations from the Fermi sea of majority spins (high-frequency peak) and minority spins (low-frequency peak). A region of reduced spectral density, which we refer to as a "pseudo gap" is clearly visible between the two, just above the the minority-spin peak. The blue line is e[ (q, ω)], calculated in the random phase approximation (RPA) 1,2 , which is essentially exact in the high-density limit. The zeroes of (q, ω), if they occur in a region of sufficiently low density of singleparticle excitations, indicate the possibility of spontaneous, self-sustained, collective oscillations of the electronic densities. Such a zero is clearly seen to be present in the pseudo-gap region of Fig. 2a) . Fig. 2b ) shows that the two-peaked non-interacting spectrum (red line, same as Fig. 2a ) is replaced by a single peak centered at the frequency of the spin plasmon in the interacting excitation spectrum (blue line), which is cal- show the real and imaginary parts of the dielectric function versus ω and m[χS z Sz (q, ω)] versus ω, respectively, for a disordered system with (τ εF) −1 = 0.01. Other parameters are chosen to be P = 0.5, q/kF = 0.1, and rs = 2. The left and right vertical lines in the plots mark the upper limit of the electron-hole continuum, of the minority (ω +↓ for P > 0) and majority spin species (ω +↑ for P > 0), respectively. Note that the spin plasmon mode arises from the second zero of the dielectric function (from the origin), in panels a) and c), and it always lies between ω +↓ and ω +↑ . In panels b) and d) "NI" stands for "non-interacting". culated in the RPA. This "collectivization" of the spectrum should be observable in Raman scattering. These features are robust to disorder, as shown in Fig. 2cd ) for a disordered system with the carrier scattering time τ such that (τ ε F ) −1 = 0.01. In the long-wavelength limit the mode is charge-neutral -the displacement of up spins compensates an opposite displacement of down spinsand the equilibrium-restoring Coulomb force vanishes, resulting in a vanishing frequency for q → 0. At finite values of q the majority up-spins no longer exactly compensate the minority down-spins; a small charge component appears, resulting in a finite restoring force and a frequency that is proportional to q.
In this Article we present a complete semi-analytic theory of spin plasmon dispersion and damping in a SP2DEG, in the presence of weak disorder. While the possibility of spin plasmons has been recognized in earlier work [11] [12] [13] [14] [15] , this is to the best of our knowledge the first time that the crucial issue of the robustness of the mode with respect to electron-hole pair generation and disorder is addressed. Our conclusion is that the spin plasmon is indeed robust against all these potentially destabilizing effects, as well as Fermi liquid corrections (beyond RPA), which become relevant at low density. We further suggest that spin plasmons could be used as an effective means of coupling spintronic devices such as spin-torque oscillators, which produce localized spin-wave excitations: by tuning the spin polarization of the SP2DEG the coupling could be altered from efficient (when the plasmon mode is stable, and the mode lies outside the single-particle continuum of minority-spin excitations) to inefficient (when the plasmon mode quickly decays and the mode is within this continuum).
Our Article is organized as follows. In Section II we present the RPA theory of the spin plasmon in a SP2DEG. Section II A, in particular, presents our analytical results for the clean limit, while in Section II B we address the important issue of the effect of disorder through Mermin's relaxation time approximation. In Section III the effect of Fermi liquid corrections beyond the RPA is briefly discussed. Section IV presents a brief summary of our main conclusions.
II. RPA THEORY OF SPIN PLASMONS IN SP2DEGS
We consider a zero-temperature SP2DEG with the usual parabolic-band dispersion relation and Fermi energy ε F . A spin polarization could be induced through various means, including spin injection, optical excitation, and current-induced spin polarization. However, for the sake of simplicity, we here assume that it is induced by an in-plane Zeeman field B, which has negligible orbital effects when the width of the quantum well hosting the 2D electronic system is sufficiently small. The spin-resolved bands have energy 
The total electron density n, for convenience, is expressed in terms of the dimensionless Wigner-Seitz parameter 2 r s , which is given by r s = (πna
is the material's Bohr radius, being the static dielectric constant of the material hosting the SP2DEG.
Following Ref. 2, the spin resolved response functions χ σσ (q, ω) of the interacting SP2DEG are given in the RPA by the following equation
where In writing the explicit functional dependence of v q on q we have omitted a form factor 0 < F (q) < 1, which arises 16 due to the finite width of the quantum well hosting the SP2DEG. The role of F (q) is to weaken the bare Coulomb interaction at wave vectors q ∼ 1/L where L is the width of the quantum well. In the long-wavelength limit F (q → 0) = 1. Eq. (1) is physically transparent: coupling between the spin-up and spin-down electronic subsystems originates from the Coulomb interaction v q , which acts identically within one subsystem and between the two different spin sub-systems.
Solving Eq. (1) for χ σσ (q, ω) and changing the response-function basis to total density n ≡ n ↑ + n ↓ and total spin S z ≡ n ↑ − n ↓ , we obtain the following three response functions:
and
where
In obtaining these results we have used the following identities:
Collective (plasmon) modes emerge as poles of the response functions (2)-(4). Since S(q, ω), D(q, ω), and P (q, ω) are smooth functions of momentum and energy, collective modes coincide with the zeroes of the complex longitudinal "dielectric function" (q, ω), i.e.
(q, ω) = 0 .
The real frequency ω coll and inverse lifetime γ coll (or damping rate) of the collective excitations, for a given q, are obtained from the complex roots of Eq. (6): ω = ω coll (q) − iγ coll (q). Note that γ coll > 0 is essential for the stability of the collective mode. The damping of the collective mode typically occurs if the frequency of the collective mode lies in the electron-hole continuum. In this case the mode decays by creating single electron-hole pairs (Landau damping). An estimate of the damping rate γ coll , if it is small, can be obtained 2 by doing a Laurent-Taylor expansion of the dielectric function around ω coll , to obtain (for a frequency independent v q ),
In a realistic experimental scenario, the observability of a damped collective mode depends on the sharpness of its resonance peak, which is directly measured by the quality factor (QF) defined as Q ≡ ω coll (q)/γ coll (q).
In the rest of this Article we will focus on the collective excitations in a SP2DEG and show that in addition to a regular plasmon mode (charge density excitations), there is a spin-plasmon mode, which emerges from the coupling of spin and charge degrees of freedom in the presence of Coulomb interactions. We emphasize that, within the RPA, the coupling of spin and charge degrees of freedom arises only from electrostatic effects, as exchange interactions are not included in the RPA.
A. Spin plasmon mode in the clean limit
After straightforward algebraic manipulations we find that Eq. (6) allows two solutions in the long-wavelength limit: an undamped charge plasmon with dispersion
and a partially damped, acoustic spin-plasmon mode whose long-wavelength dispersion is,
which lies between v F↓ and v F↑ . The charge-plasmon mode in Eq. (8) has exactly the same long-wavelength form as that of the plasmon mode in an unpolarized 2DEG 2,17 . The spin plasmon in the SP2DEG arises due to the second zero of the real part of the dielectric functionsee Fig. 2a ) -which lies in a "pseudo gap" between the electron-hole continuum of the minority (↓-spin for P > 0) and majority (↑-spin for P > 0) spin species. Spin polarization separates the electron-hole spectrum of the majority and minority spins, creating a region of low-density electron-hole pairs, just above the minorityspin electron-hole continuum -see Fig. 2b ). It is this region of reduced electron-hole density that supports the spin plasmon mode. As a consequence, the damping of the spin-plasmon mode is never exactly zero, but it can be quite small leading to an acoustic spin-plasmon mode with a relatively high QF.
The spin-plasmon dispersion can be calculated exactly within RPA by noting that in the pseudo gap, for P > 0 we have ω +↓ < ω < ω +↑ , where ω +σ ≡ q 2 /2m + v Fσ q is the upper boundary of the electron-hole continuum for the respective spin species. In this regime of interest, the real part of the density-density response function 
2 is the 2D density-of-states per spin and per unit volume, at the Fermi surface. The density-density response function of minority spins (↓-spin for P > 0) is purely real:
Setting e[ (q, ω)] = 0 yields the algebraic equation
where we have introduced the dimensionless quantity
Note that V q → 1/2 for q → 0. The solution of Eq. (13) is
which, in the limit of q → 0, yields Eqs. (9)-(10). We note that for our treatment to be valid in the q → 0 limit the condition ω < qv F↑ must also be satisfied, and our result in Eq. (15) is compatible with this condition only if
The lower bound on the polarization P for the existence of a spin plasmon mode in a SP2DEG, i.e. P > 1/7, is also evident from Fig. 3a) . In addition to the above condition, for the spinplasmon mode to lie in the pseudo-gap region an additional condition must be met for finite values of the wave vector q. It is ω spl > ω +↓ : this gives us a maximum wave vector q max spl beyond which the spin-plasmon mode ceases to exist-see Fig. 3b ). Straightforward algebraic manipulations yield
The dependence of q max spl on P and r s is shown in Figs. 3c) and d), respectively.
The damping rate for the spin-plasmon mode, γ spl (q), can be calculated from Eq. (7). In the pseudo-gap region, the imaginary part of the dielectric function is controlled by the majority-spin electrons:
Substituting ω = ω spl = 2v F↓ q/ √ 3 in the above equation, we calculate the leading order term in the long wavelength q → 0 limit, to be
In the pseudo-gap regime the derivative of the real part of with respect to frequency is given by
Note that ∂ ω e (q, ω) is the inverse of the oscillator strength of the collective mode. Using Eq. (11) in the above equation, we find
Using Eqs. (20) and (22) in Eq. (7) gives the damping rate or the imaginary part of the spin-plasmon frequency
and thus the quality factor of the spin-plasmon mode
. (24) Finally we note that the spin-plasmon eigenmode is characterized by oscillations of up and down spin densities with amplitudes A ↑ (q) and A ↓ (q) respectively. These amplitudes satisfy the eigenvalue equation [see Eq. (1)],
(25) The first row of this equation yields
Making use of the fact that e[1/χ (0) ↑ (q, ω spl )] = −1/N 0 in the regime of existence of the spin-plasmon mode, we find
In the limit q → 0 this tends to −1, meaning that the densities of up and down spins oscillate with equal amplitudes and opposite phases. The spin-plasmon mode, which arises due to the interplay of spin-polarized bands and Coulomb interactions, physically corresponds to an excitation in which spin-up and spin-down fluids oscillate with equal amplitude but opposite phase.
B. The impact of disorder on spin plasmons in SP2DEGs
We now turn to a discussion of the impact of disorder, provided by impurities, on the collective charge and spin-plasmon modes of a SP2DEG. When the impurities are sufficiently dilute, the collective modes of the disordered system are still given by Eq. (6), provided that one replaces χ (0) σ (q, ω) with the disorder-averaged response function. A suitable expression for the latter was given long ago by Mermin 18 , based on a relaxationtime approximation. This is actually equivalent, in the diffusive regime, to the sum of impurity ladder diagrams (diffusons) 19 , but also has the correct behaviour in the high-frequency (collisionless) regime. The explicit form of the Mermin response function is In panel e) we present results for the quality factor of the spin-plasmon mode in the τ −1 − rs plane for q/kF = 0.15 and P = 0.5. Finally, panel f) shows the quality factor in the q − rs plane for (τ εF) −1 = 0.005 and P = 0.5. In all the panels, the solid black line marks the Q spl = 0 contour line, i.e. the boundary of existence of the spin-plasmon mode. Note that we have chosen the upper limit of the color scale to be 12 to ensure uniformity of all the panels, and to improve the contrast of the figures. The Quality factor is not limited by it and is much higher in some regions.
where, as before, χ (0) σ (q, ω) is the Lindhard response function of the clean SP2DEG 2 and τ is the elastic transport lifetime that appears in the Drude conductivity of a disordered electronic system. For point scatterers, τ is given by τ = π/(u 2 0 n imp N 0 ) where u 0 is the average disorder strength and n imp is the disorder concentration.
We can solve Eq. (6) numerically with χ
σ and find how the two modes given by Eqs. (8)- (9) are affected by static disorder. As a consistency check of our numerical results, we reproduced the results of the clean case, by setting τ −1 = 0 in the above mentioned method-see the solid red and blue curves in Fig. 3 . For the disordered case, we find that each of these modes appears only for wave vectors larger than a critical value, q * pl/spl -a fact that was first noticed by Giuliani and Quinn 20 for the charge plasmon. As usual, the dispersion of the charge mode and the corresponding critical wave vector q * pl for a finite value of P do not differ significantly from the known analytical results 20 for P = 0. The spin plasmon mode, whose origin lies in the second zero of the real part of the dielectric function, continues to exist even in the presence of dilute disorder-see Figs. 2c)-d) . However, unlike the charge-plasmon mode, the spin-plasmon mode ceases to exist beyond a critical wave vector q max spl . We now present a detailed analysis of the dependence of the QF of the spin-plasmon mode on various parameters, i.e. τ, q, P and r s : our main numerical results are reported in Fig. 4 .
In Figs. 4a)-b) , we study the QF of the spin plasmon mode in the τ −1 − q and τ −1 − P plane and find that for a given q and P , the spin-plasmon mode is sensitive to disorder and vanishes beyond a maximum value of τ −1 . For a given τ −1 , the spin-plasmon mode exists in a certain range of values of q and P . The QF of the spinplasmon mode in the r s − P plane is shown in Fig. 4c ). We find that for a given parameter set τ, q and P , there is a minimum r s (maximum density) below (over) which the spin-plasmon mode ceases to exist. Moreover, for a given r s , the spin-plasmon mode exists only in a certain range of polarization values. Fig. 4d ) displays the QF of the spin-plasmon mode in the q − P plane. Note that q max spl decreases as P increases: this is consistent with the analytical result for the clean case presented in Fig. 3c) . Finally, Figs. 4e)-f) illustrate the QF in the τ −1 −r s plane and in the q − r s plane, respectively. In both panels there is a minimum r s , below which the spin-plasmon mode ceases to exist. This happens only in the disordered case and not in the clean limit-see Fig. 3d ). Another feature of the disordered case, namely the existence of a minimum critical wave vector q * spl below which the spinplasmon mode ceases to exist, is clearly visible in Fig. 4f ).
III. "FERMI LIQUID" CORRECTIONS
For the sake of clarity and simplicity, the analysis we have carried out in this work has focused on the weakcoupling regime (i.e. high-density limit) where the role of exchange and correlations beyond RPA is negligible 2 . Our findings may be substantially altered in the lowdensity regime. In this case one can refine our calculations by treating exchange and correlations within a generalized random phase approximation 2 and by taking into account the so-called spin-resolved local field factors 2 G σσ (q, ω). Although some progress has been done over the years 2 , these quantities are still largely unknown. Accurate estimates of the local field factors can be made when the frequency dependence of G σσ (q, ω), which represents the inertia of the Pauli-Coulomb hole around a reference electron, is neglected. In this case one can indeed use the fluctuation-dissipation theorem 2 in conjunction with the accurate knowledge 23 of the spin-resolved pair distribution function g σσ (r). This approach has been taken, for example, in Refs. 24,25 and can be generalized to the case of a SP2DEG.
It is known 2 that, in the static limit, the local field factors G σσ (q, 0) vanish linearly in q. At the same time, the bare Coulomb interaction v q diverges as q −1 . In the small-q regime, we can therefore characterize the strength of the local field correction via the "Landau-like parameters"
These parameters control the many-body corrections to thermodynamic response functions such as the compressibility, the spin susceptibility, and the mixed spin-density susceptibility. The dispersion and damping of the plasmons are now determined by the zeroes of the generalized dielectric function
. This reduces to the RPA dielectric function introduced in Sect. II when the local field factors are set to zero. It is now a matter of straightforward algebra to calculate the local field corrections to the quantities calculated in Sect. II. Working in the long wave-length limit and incorporating these corrections we find
where c s has been defined in Eq. (10) and F a ≡ F ↑↑ + F ↓↓ − 2F ↑↓ . In the limit F σσ 1, and working to first order in these corrections, Eqs. (31)-(32), reduce to
The frequency dependence of the local field factors, however, can be very important in the spin channel, in the low-density (large r s ) regime 2 . A careful account of many-body corrections to ω spl (q → 0) and Q spl (q → 0) beyond the RPA is well beyond the scope of the present Article and is left for future work.
IV. SUMMARY AND CONCLUSIONS
In summary, we have discovered that a partially spin-polarized two-dimensional electron gas supports a spin-plasmon mode with a gapless acoustic dispersion. We have fully characterized the mode energy and its linewidth with and without static disorder within the random phase approximation. The spin-plasmon mode discussed in this Article can be probed directly with inelastic light scattering 21, 22 in a two-dimensional electron gas hosted e.g. in a high-quality modulation-doped GaAs quantum well subject to a Zeeman field perpendicular to the growth direction.
We now describe the implications of this stable spin plasmon in the SP2DEG for spin-wave coupling between oscillating nanomagnets driven by spin torque (spintorque oscillators). These oscillators are characterized by a current-dependent resonant frequency ω r , and interaction and phase locking has been demonstrated through the emission and absorption of spin waves in the intervening material 26, 27 . The SP2DEG provides an intervening material with a response that is tunable through control of the spin polarization. For a sufficiently large value of P , and for a Fermi energy such that ω spl (q) = ω r , for a region of the spin plasmon curve that is outside the minority-spin single-particle continuum, these spin plasmons will be excited and propagate over distances in excess of the minimum decay length l. The minimum decay length, l ≈ 2πQ spl /q and is approximately 2µm for typical 2DEG electron densities of 10 15 m −2 (in GaAs this corresponds to r s = 1.8), and for other parameters given by the maxima of γ spl curve (filled red circles) in Fig. 3b) , which corresponds to the minimum decay time for the spin-plasmon mode. The coupling between the spin torque oscillators can be controlled by changing the value of P or the local density of electrons (by applying local gate voltages) such that ω spl (q) = ω r . If the value of P is reduced such that ω spl (q) = ω r lies within the minority-spin single-particle continuum, then the propagation distance of these spin plasmons will be only a couple of Fermi wave-lengths. Thus it is possible to tune the efficiency of coupling between spin torque oscillators, and affect their phase locking, simply by changing the polarization of an intervening SP2DEG that couples them.
Note that the polarization of a spin-torque oscillator is transverse, and precesses around a bias magnetic field. In contrast the spin plasmons oscillate parallel to the spin polarization in the SP2DEG. However, if the spin polarization in the SP2DEG is established through spin injection rather than an applied magnetic field, it can be established perpendicular to the bias magnetic field applied to the spin-torque oscillator, permitting coupling between the magnetization oscillations of the spintorque oscillator and the stable spin plasmon modes of the SP2DEG.
